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Count tables

Tables formed by crossing two categorical variables. 
Every cell express the number of times modalities i and j cooccur.

Goal:    Automatic revealing of the information contained in the table :
1. which rows are similar, 
2. which columns are similar, 
3. which relations exist between rows and columns

Examples: 

Ecological: Sites by species. 
Lexical: Individuals by words
Marketing: product by adjective
Urbanism: Neighborhood by Occupation
Politics: crossing census units by political parties (cells expressing the votes)
. . .
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Miguel Hernández poems - Example
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> poems_MH <- read.table(“poemas_Miguel_Hernandez.txt",header=T,sep="\t")

> poems_MH
                              AMOR CORAZON HUERTO MUERTE SANGRE LUZ HOMBRE
La Morada                       41       3     32     21      8  52      5
Perito en Lunas                  4       1      3      3      1  12      0
Oda a la Higuera                37       6     11     27     14  35      6
Rayo que no cesa                17      26      0      8     12   1      1
Mi sangre es un camino           7      16      0      9     26   1      2
Vientos del pueblo               3      23      2     61     35   3     22
Romancero de ausencias          44      20      2     38     25  19     19
Hijo de la luz y de la sombra   14      11      2     15     13  25      8

Miguel Hernandez, 
1910-1942

rows and columns are exchangeable



Checking some concepts with Contingency Tables
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Checking some concepts with Contingency Tables

5



Checking some concepts with Contingency Tables
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Checking some concepts with Contingency Tables
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Checking some concepts with Contingency Tables
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Checking some concepts with Contingency Tables
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GOAL
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Correspondence Analysis

Let K  be a count table
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Jean Paul Benzecri, 
Analyse des Données father
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as a particular case of PCA



Table of frequencies
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> K <- poems_MH
> F <- K/sum(K)
> F
                                AMOR CORAZON HUERTO MUERTE SANGRE    LUZ HOMBRE
La Morada                     0.0481  0.0035 0.0376 0.0246 0.0094 0.0610 0.0059
Perito en Lunas               0.0047  0.0012 0.0035 0.0035 0.0012 0.0141 0.0000
Oda a la Higuera              0.0434  0.0070 0.0129 0.0317 0.0164 0.0411 0.0070
Rayo que no cesa              0.0200  0.0305 0.0000 0.0094 0.0141 0.0012 0.0012
Mi sangre es un camino        0.0082  0.0188 0.0000 0.0106 0.0305 0.0012 0.0023
Vientos del pueblo            0.0035  0.0270 0.0023 0.0716 0.0411 0.0035 0.0258
Romancero de ausencias        0.0516  0.0235 0.0023 0.0446 0.0293 0.0223 0.0223
Hijo de la luz y de la sombra 0.0164  0.0129 0.0023 0.0176 0.0153 0.0293 0.0094

> fi <- rowSums(F)
                    La Morada                         0.190 
              Perito en Lunas                         0.028 
             Oda a la Higuera                         0.160 
             Rayo que no cesa                         0.076 
       Mi sangre es un camino                         0.072 
           Vientos del pueblo                         0.175 
       Romancero de ausencias                         0.196 
Hijo de la luz y de la sombra                         0.103

> fj <- colSums(F)
      AMOR    CORAZON     HUERTO     MUERTE     SANGRE        LUZ     HOMBRE 
     0.196      0.124      0.061      0.214      0.157      0.174      0.074 



The F and the diagonal matrices of weights
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Diagonal matrix of weights of rows

Diagonal matrix of weights of columns
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Comparison of rows ?
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                   AMOR CORAZON HUERTO MUERTE SANGRE    LUZ HOMBRE       fi
La Morada        0.0481  0.0035 0.0376 0.0246 0.0094 0.0610 0.0059     0.190
Perito en lunas  0.0047  0.0012 0.0035 0.0035 0.0012 0.0141 0.0000     0.028

                   AMOR  CORAZON HUERTO  MUERTE  SANGRE    LUZ HOMBRE
La Morada        0.2531  0.0185  0.1975   0.130  0.0494 0.3210 0.0309
Perito en lunas  0.1667  0.0417  0.1250   0.125  0.0417 0.5000 0.0000
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Conditional distribution of words (row) within the poems  (columns)   Row-profiles 



Row – profiles matrix
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Cloud of row profiles
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Computing the row-profiles

MVA course. Master in Innovation and Research in Informatics. Session 6. Teaching: Tomàs Aluja 17

> fi <- rowSums(F)
> Di <- diag(fi)
> Fi <- solve(Di) %*% as.matrix(F)
> print(Fi,digits=3)
                                AMOR CORAZON HUERTO MUERTE SANGRE    LUZ HOMBRE
La Morada                     0.2531  0.0185 0.1975  0.130 0.0494 0.3210 0.0309
Perito en Lunas               0.1667  0.0417 0.1250  0.125 0.0417 0.5000 0.0000
Oda a la Higuera              0.2721  0.0441 0.0809  0.199 0.1029 0.2574 0.0441
Rayo que no cesa              0.2615  0.4000 0.0000  0.123 0.1846 0.0154 0.0154
Mi sangre es un camino        0.1148  0.2623 0.0000  0.148 0.4262 0.0164 0.0328
Vientos del pueblo            0.0201  0.1544 0.0134  0.409 0.2349 0.0201 0.1477
Romancero de ausencias        0.2635  0.1198 0.0120  0.228 0.1497 0.1138 0.1138
Hijo de la luz y de la sombra 0.1591  0.1250 0.0227  0.170 0.1477 0.2841 0.0909

> apply(Fi,2,weighted.mean, w=fi)
      AMOR    CORAZON     HUERTO     MUERTE     SANGRE        LUZ     HOMBRE 
0.19600939 0.12441315 0.06103286 0.21361502 0.15727700 0.17370892 0.07394366 

> fj
      AMOR    CORAZON     HUERTO     MUERTE     SANGRE        LUZ     HOMBRE 
0.19600939 0.12441315 0.06103286 0.21361502 0.15727700 0.17370892 0.07394366



How to measure the distance between two row-
profiles?
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The Chi-square distance   (L2)
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> fj <- colSums(F)
      AMOR    CORAZON     HUERTO     MUERTE     SANGRE        LUZ     HOMBRE 
     0.196      0.124      0.061      0.214      0.157      0.174      0.074

> 1/fj
     AMOR   CORAZON    HUERTO    MUERTE    SANGRE       LUZ    HOMBRE 
 5.101796  8.037736 16.384615  4.681319  6.358209  5.756757 13.523810 



Cloud of row-profiles
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The row-profiles coordinates including the metric
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The row-profiles cloud with the metric effect
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> Fi_m <- Fi %*% diag(1/sqrt(fj))
> Fi_m
 AMOR CORAZON HUERTO MUERTE SANGRE   LUZ HOMBRE
La Morada                     0.572   0.053  0.800   0.28   0.12 0.770  0.114
Perito en Lunas               0.376   0.118  0.506   0.27   0.11 1.200  0.000
Oda a la Higuera              0.615   0.125  0.327   0.43   0.26 0.617  0.162
Rayo que no cesa              0.591   1.134  0.000   0.27   0.47 0.037  0.057
Mi sangre es un camino        0.259   0.744  0.000   0.32   1.07 0.039  0.121
Vientos del pueblo            0.045   0.438  0.054   0.89   0.59 0.048  0.543
Romancero de ausencias        0.595   0.340  0.048   0.49   0.38 0.273  0.418
Hijo de la luz y de la sombra 0.359   0.354  0.092   0.37   0.37 0.682  0.334

> apply(Fi_m, 2, weighted.mean, w=fi)
     AMOR   CORAZON    HUERTO    MUERTE    SANGRE       LUZ    HOMBRE 
0.4427295 0.3527225 0.2470483 0.4621851 0.3965816 0.4167840 0.2719258 

> sqrt(fj)
     AMOR   CORAZON    HUERTO    MUERTE    SANGRE       LUZ    HOMBRE 
0.4427295 0.3527225 0.2470483 0.4621851 0.3965816 0.4167840 0.2719258



The row-profiles with M=I 
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The PCA solution: First we center the data
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Then we find the directions of maximal inertia
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Diagonalizing X’DIX
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The eigenvalues
> pca.poems <- PCA(Fi_centered, scale.unit=FALSE, row.w=fi)
> pca.poems$eig
         eigenvalue percentage of variance cumulative percentage of variance
comp 1 3.021171e-01           6.619164e+01                          66.19164
comp 2 8.392238e-02           1.838678e+01                          84.57842
comp 3 3.241546e-02           7.101990e+00                          91.68040
comp 4 2.105919e-02           4.613914e+00                          96.29432
comp 5 1.392728e-02           3.051365e+00                          99.34568
comp 6 2.986480e-03           6.543160e-01                         100.00000
comp 7 2.769580e-33           6.067948e-31                         100.00000

> ca.poems <- CA(K)
> ca.poems$eig
        eigenvalue percentage of variance cumulative percentage of variance
dim 1 3.021171e-01           6.619164e+01                          66.19164
dim 2 8.392238e-02           1.838678e+01                          84.57842
dim 3 3.241546e-02           7.101990e+00                          91.68040
dim 4 2.105919e-02           4.613914e+00                          96.29432
dim 5 1.392728e-02           3.051365e+00                          99.34568
dim 6 2.986480e-03           6.543160e-01                         100.00000
dim 7 7.663080e-34           1.678925e-31                         100.00000
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CA in R

CA in as a PCA of 
the row-profiles



Projecting the row-profiles
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The row-profile plot

> plot(ca.poems, invisible="col", label="row")
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Coordinates, contributions and cos2

> ca.poems$row$coord
                                    Dim 1        Dim 2       Dim 3       Dim 4        Dim 5
La Morada                      0.79095206 -0.004357592  0.14808103  0.14062857 -0.002906936
Perito en Lunas                0.84594367 -0.023857687  0.16315014 -0.35677760  0.238702899
Oda a la Higuera               0.36583833  0.009240982 -0.09822331 -0.03210386 -0.073750687
Rayo que no cesa              -0.56987300 -0.727076551 -0.05749139  0.15920775  0.211226036
Mi sangre es un camino        -0.73836595 -0.363497483  0.36939296 -0.13290371 -0.248593298
Vientos del pueblo            -0.64311037  0.441087724  0.10127366  0.07031227  0.074585269
Romancero de ausencias        -0.15926192  0.018729150 -0.26666464  0.02361306 -0.086118783
Hijo de la luz y de la sombra  0.07171999  0.006877548 -0.04430875 -0.30129916  0.107673614

> ca.poems$row$contrib
                                   Dim 1        Dim 2      Dim 3      Dim 4       Dim 5
La Morada                     39.3731794  0.004302201 12.8624028 17.8558655  0.01153666
Perito en Lunas                6.6723571  0.019105154  2.3130999 17.0264918 11.52446345
Oda a la Higuera               7.0713522  0.016242682  4.7509039  0.7812179  6.23397620
Rayo que no cesa               8.2007707 48.056954621  0.7779062  9.1824918 24.44006414
Mi sangre es un camino        12.9198747 11.272370728 30.1380592  6.0051357 31.76894216
Vientos del pueblo            23.9410089 40.543274606  5.5333419  4.1055111  6.98532268
Romancero de ausencias         1.6456046  0.081928540 42.9987247  0.5189668 10.43773629
Hijo de la luz y de la sombra  0.1758524  0.005821469  0.6255614 44.5243194  8.59795841

> ca.poems$row$cos2
                                   Dim 1        Dim 2       Dim 3       Dim 4        Dim 5
La Morada                     0.93509099 2.838224e-05 0.032775733 0.029559745 1.263062e-05
Perito en Lunas               0.76532557 6.087234e-04 0.028466774 0.136131461 6.093667e-02
Oda a la Higuera              0.83686143 5.339632e-04 0.060325961 0.006444507 3.401005e-02
Rayo que no cesa              0.35025588 5.701506e-01 0.003564798 0.027337431 4.811984e-02
Mi sangre es un camino        0.61032806 1.479186e-01 0.152755635 0.019773987 6.918291e-02
Vientos del pueblo            0.65738121 3.092404e-01 0.016301939 0.007857935 8.842038e-03
Romancero de ausencias        0.23876418 3.302033e-03 0.669385286 0.005248675 6.981376e-02
Hijo de la luz y de la sombra 0.04498964 4.137131e-04 0.017171613 0.794013459 1.014030e-01
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Dual CA.  Projection of columns?

31

> pca.poems$var$coord
              Dim.1        Dim.2       Dim.3         Dim.4         Dim.5
AMOR     0.12810222 -0.115245396 -0.10825126  0.0357832243 -0.0471857898
CORAZON -0.23249984 -0.162030892  0.01741327  0.0151471730  0.0699090257
HUERTO   0.26286009  0.013513857  0.09837850  0.0871461144  0.0001654327
MUERTE  -0.12190152  0.164097197 -0.01140329  0.0308068294  0.0217025576
SANGRE  -0.21160156 -0.021550954  0.08529634 -0.0426614334 -0.0724381871
LUZ      0.30543200  0.005550967  0.01034790 -0.0958420727  0.0327864271
HOMBRE  -0.09813954  0.129541875 -0.05659498 -0.0003258489  0.0044989609

> ca.poems$col$coord
             Dim 1       Dim 2       Dim 3        Dim 4         Dim 5
AMOR     0.2893465 -0.26030658 -0.24450882  0.080824129 -0.1065792821
CORAZON -0.6591580 -0.45937218  0.04936818  0.042943600  0.1981983863
HUERTO   1.0640028  0.05470127  0.39821565  0.352749294  0.0006696372
MUERTE  -0.2637505  0.35504653 -0.02467257  0.066654751  0.0469564245
SANGRE  -0.5335637 -0.05434179  0.21507890 -0.107572891 -0.1826564325
LUZ      0.7328304  0.01331857  0.02482798 -0.229956207  0.0786652689
HOMBRE  -0.3609055  0.47638678 -0.20812654 -0.001198301  0.0165448084

CA in R

PCA of the row-
profiles  CA

CA as a double PCA, 
   one PCA of the the row-profiles
   and another PCA for the colum-profiles
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Analysis of column-profiles
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Column-profile formulas
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Projecting the column-profiles

1 1
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  is centered

  inertia is equal to its eigenvalue
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Plotting the column-profiles

plot(ca.poems, invisible="row")
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Contributions and cos2 of column-profiles
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> ca.poems$col$coord
             Dim 1       Dim 2       Dim 3        Dim 4         Dim 5
AMOR     0.2893465 -0.26030658 -0.24450882  0.080824129 -0.1065792821
CORAZON -0.6591580 -0.45937218  0.04936818  0.042943600  0.1981983863
HUERTO   1.0640028  0.05470127  0.39821565  0.352749294  0.0006696372
MUERTE  -0.2637505  0.35504653 -0.02467257  0.066654751  0.0469564245
SANGRE  -0.5335637 -0.05434179  0.21507890 -0.107572891 -0.1826564325
LUZ      0.7328304  0.01331857  0.02482798 -0.229956207  0.0786652689
HOMBRE  -0.3609055  0.47638678 -0.20812654 -0.001198301  0.0165448084

> ca.poems$col$contrib
            Dim 1       Dim 2      Dim 3        Dim 4        Dim 5
AMOR     5.431729 15.82593504 36.1504544 6.080192e+00 1.598660e+01
CORAZON 17.892461 31.28368150  0.9354235 1.089486e+00 3.509136e+01
HUERTO  22.870416  0.21761099 29.8571411 3.606238e+01 1.965063e-04
MUERTE   4.918617 32.08666169  0.4011516 4.506635e+00 3.381859e+00
SANGRE  14.820486  0.55342048 22.4444323 8.642298e+00 3.767635e+01
LUZ     30.878332  0.03671635  0.3303335 4.361850e+01 7.718304e+00
HOMBRE   3.187960 19.99597396  9.8810637 5.041863e-04 1.453310e-01

> ca.poems$col$cos2
            Dim 1        Dim 2       Dim 3        Dim 4        Dim 5
AMOR    0.3651205 0.2955085779 0.260728711 2.848931e-02 4.953879e-02
CORAZON 0.6302609 0.3061051898 0.003535375 2.675089e-03 5.698251e-02
HUERTO  0.7969773 0.0021064698 0.111634135 8.759769e-02 3.156745e-07
MUERTE  0.3351842 0.6073900900 0.002933094 2.140718e-02 1.062398e-02
SANGRE  0.7514328 0.0077944495 0.122099316 3.054382e-02 8.806180e-02
LUZ     0.8997002 0.0002971707 0.001032698 8.858928e-02 1.036709e-02
HOMBRE  0.3066376 0.5342661633 0.101974876 3.380415e-06 6.444092e-04



Important property: Pseudo-barycentric formulae
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Joint representation in CA

> plot(ca.poems)
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Points interpreted as pseudo-
baricenters of the other set



Joint display in CA
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Conditions to apply CA

41

Applying CA means:

•All cells should have positive numbers

•It makes sense adding rows and colums.

•It makes sense to take this sums as weights for rows and columns.

•It makes sense to compare rows from the row-profiles and columns from the 
column-profiles.

•It makes sense to use the Chi-square metric either for row and column profiles 
comparison.



CA and independence of rows and columns
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The Guttman effect
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The Guttman effect
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Occupation by neighbourhood in Barcelona 

Efecto Guttman
El efecto Guttman, también denominado de parábola ocurre por lo general en presencia de variables 
ordinales, las cuales generalmente se ilustran en tablas de contingencia con la intención de 
identificar la relación existente entre ellas, sin embargo, este efecto indica la presencia de 
redundancia entre las categorías de las dos variables analizadas, esto quiere decir, que teniendo 
conocimiento de la fila en la categoría i es posible predecir o deducir el comportamiento de la 
columna en la posición j y viceversa.



Projection of illustrative variables

• Categorical variables:

Every modality of the categorical variables is represented as the centroid of the rows having 
chosen that modality. 

• Continuous vars:
We display the correlation of the illustrative variables with the significant factorial axes. 
                                

45

cor(Xsupl,)

Active 
data

Suppl. 
vars.



Summary (step by step)
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1) Independence Test (Chi-squared Test)

2) Dimensionality Reduction (Max Num of Dimensions = Min(N-1, M-1))

3) Keep two or three dimensions as done in PCA

4) Perform analysis on rows and columns.

5) Use graphs

6) Obtain remarkable conclusions (highlights)



Quick Example
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Quick Example
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Quick Example
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Quick Example
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Quick Example
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Homeworks
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https://ramia-lab.github.io/AdvancedModelling/material/
04_CorrespondenceAnalysis/laboratorio/ACS.html

Lab Session adapted from:

https://www.sthda.com/english/articles/31-principal-component-methods-in-r-practical-
guide/120-correspondence-analysis-theory-and-practice/#google_vignette

Lab Session:

Quick Script (Cheat sheet)

https://www.sthda.com/english/articles/31-principal-component-methods-in-r-practical-
guide/113-ca-correspondence-analysis-in-r-essentials/
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